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ABSTRACT. Stability is a central concept in matching theory, while nonbossiness is im-
portant in many allocation problems. We show that these properties are incompatible:
There does not exist a matching mechanism that is both stable and nonbossy. JEL
Classification Numbers: C70, D61, D63.

Keywords: matching, stability, nonbossiness, impossibility theorem.

1. INTRODUCTION

Initiated by Gale and Shapley (1962), matching theory has influenced the design of labor
markets and student assignment systems.! Stability plays a central role in the theory: A
matching is stable if there is no individual agent who prefers being unmatched to being
assigned to her allocation in the matching, and there is no pair of agents who prefer being
assigned to each other to being assigned to their respective allocations in the matching.
In real-world applications, empirical studies have shown that stable mechanisms often
succeed whereas unstable ones often fail.

The concept of nonbossiness (Satterthwaite and Sonnenschein 1981) is important in
many allocation problems. A mechanism is nonbossy if an agent cannot change allocation
of other agents without changing her own allocation. Normatively, the concept requires a
form of fairness: It is arguably unfair for an agent to be affected by changes of reported
preferences of someone else, even though the change has no consequence on the allocation

of the latter. Also, if an allocation violates nonbossiness, then it may invite strategic

Date: January 21, 2009.
'For a survey of this theory, see Roth and Sotomayor (1990). For applications to labor markets, see

Roth (1984) and Roth and Peranson (1999). For applications to student assignment, see for example Ab-
dulkadiroglu and Sénmez (2003), Abdulkadiroglu, Pathak, Roth, and Sénmez (2005) and Abdulkadiroglu,
Pathak, and Roth (2005).

*For a summary of this evidence, see Roth (2002).
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manipulation: an agent affected by another might pay a small transfer to the latter in
return to reporting preferences that results in a preferable allocation to him. As the latter
agent may not be affected by changing her own reported preferences, she may well agree
to engage in such manipulations.

Given the importance of nonbossiness, the concept has been studied extensively in
the context of indivisible good allocations. In that environment, the combination of
strategy-proofness and nonbossiness is equivalent to the group strategy-proofness, and
allocation mechanisms that are efficient and group strategy-proof have been studied and
characterized by Papai (2000) and Pycia and Unver (2009). Ergin (2002) characterizes the
market structures in which the student-proposing deferred acceptance algorithm (Gale and
Shapley 1962) is nonbossy and, since that mechanism is strategy-proof, group strategy-
proof.?

Although these two properties are important properties, we show that these properties
are incompatible: There does not exist a matching mechanism that is both stable and
nonbossy. Thus any stable mechanism can cause an undesirable consequence where an

agent influences allocation of other agents without changing her own allocation.

2. MODEL

A (one-to-one) matching problem is tuple (S,C,>). S and C are finite and disjoint
sets of students and colleges. For each student s € S, > is a strict preference relation
over C' and being unmatched (being unmatched is denoted by @). For each college ¢ € C,
> is a strict preference relation over S and being unmatched, ¢. We write == (>;);csuc-
A matching is a vector u = (us)ses assigning a college ps € C or ¢ to each student s,
where at most one student is assigned to college c. We write y. = s if and only if pus = ¢
and p. = ¢ if there is no s with u, = c.

We say that matching p is blocked by (s,¢) € S x C' if ¢ =, pus and s =, p.. A
matching p is individually rational if u; >; ¢ for every ¢ € SU C. A matching p is
stable if it is individually rational and is not blocked.

A mechanism is a function ¢ from the set of preference profiles to the set of matchings.

Mechanism ¢ is stable if ¢(-) is a stable matching for every preference profile. Existence

3When the market structure does not satisfy Ergin’s condition, only a weaker version of group strategy-
proofness holds (and the mechanism violates nonbossiness). That is, no group of students can make each
of its members strictly better off by jointly misreporting their preferences. This latter result is first shown
by Dubins and Freedman (2002) and extended by Martinez, Masso, Neme, and Oviedo (2004), Hatfield
and Kojima (2007) and Hatfield and Kojima (2008).
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of a stable mechanism is shown by Gale and Shapley (1962). They propose deferred

acceptance algorithms, which find stable matchings for any preference profile.

3. RESuLT

We introduce the concept of nonbossiness (Satterthwaite and Sonnenschein 1981).

Definition 1. A mechanism ¢ is nonbossy if, for any > and >, ¢;(>%,>_;) = p:(>)
implies (>}, >=_;) = @(>).

In words, a mechanism is nonbossy if an agent cannot change allocation of other agents
unless doing so also changes her own allocation. With this concept, we now proceed to

present the following impossibility result.
Theorem 1. There does not exist a mechanism that is stable and nonbossy.
Proof. Consider a problem where C' = {c¢1,¢2,¢3}, S = {s1, 82,83}, and preferences are
given by
=1 - 81,82, 83,9,
ey 19D,
>cs - 53,892, 81,0,
s, - C3,C2,C1,0,
sy - C3,C2,C1,0
>s3 - C1,C2,C3,0,

where >, : 51, S2, S3, ¢, means “according to preferences >, of ¢1, s is most preferred and

followed by ss, s3 and ¢ in this order,” for example. There exists a unique stable matching

©(>) given by
cp C Cc3 @
(=) = ( ) :
ST © 83 82

which means that c¢; is matched to sq, c3 is matched to s3, and ¢y and s, are unmatched.
Consider >~ given by

/

gyt O

Now there are two stable matchings, p and ', given by

cp C C3 O
n= )
S3 @ S1 89
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and

’ cp C C3 @O
no= )
S1 @ 83 89

respectively. Now consider the following two cases.

First, consider the Case in which ¢(>~{,,>_s,) = p. In that case apparently we have

EPR
on (s ™ —s3) = 05, (=) and (7, =_s,) # (=), thus ¢ is not nonbossy.

EbRS

Second, consider the Case in which o(~_,~_,) = ¢/. Now consider >~/ given by
>-g22 S1, 82, S3.

Then (> >  >_., s,) is given by

c2) 5927

" / _[&a G2 &3 o
90(>_027 >_527 >_*C2,32) -
S3 @ S1 82

Therefore we have that ¢, (=1, =, = —cys0) = Py (7, = —sp) and @(=0 =0 =) s,) 7#

©(>%,, > —s,), 50  is not nonbossy. This completes the proof. U

As mentioned in the Introduction, stability and nonbossiness are regarded as important
properties of allocation mechanisms. However, Theorem 1 shows that these desiderata
are incompatible. Thus stable mechanisms cannot avoid the situation where an agent

influences allocation of other agents without changing her own allocation.
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