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Abstract. In two-sided matching markets in which some doctors
form couples, we present an algorithm that finds all the stable
matchings whenever one exists, and otherwise shows that there
is no stable matching. Extending the methodology of Echenique
and Yenmez (2006), we characterize the set of stable matchings as
the fixed points of a monotone decreasing function with respect
to a certain partial order. Based on that result, an algorithm is
presented that finds all the stable matchings, if any, in a market
with couples.
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1. Introduction

The theory of two-sided matching is applied to various labor markets
such as the one for new doctors and hospitals in the United States
(National Residency Matching Program).1 A matching is stable if no
individual agents are matched to unacceptable partners, and no groups
of doctors and hospitals prefer matching among themselves to matching
with their current partners. Stability has been regarded as an essential
property for the success of the matching. However, a stable matching
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1See Roth and Sotomayor (1990) for a survey of the theory in the first three
decades starting with Gale and Shapley (1962). The theory has recently been
applied to assignment of students to schools as well: see for example Balinski and
Sönmez (1999), Abdulkadı̇roğlu and Sönmez (2003), Abdulkadı̇roğlu, Pathak, Roth,
and Sönmez (2005), Abdulkadı̇roğlu, Pathak, and Roth (2005) and Erdil and Ergin
(2006).
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may not exist and finding a stable matching is often difficult even when
one exists, if some doctors form couples (Roth, 1984).2

We present an algorithm that finds all the stable matchings whenever
one exists, and otherwise shows that there is no stable matching in a
market with couples. We characterize the set of stable matchings as
the fixed points of a certain function, and show that the function is
monotone decreasing with respect to a certain partial order. Based on
these results, an algorithm is available to find all the stable matchings,
if any, in a market with couples.

Our approach is an extension of an elegant paper by Echenique and
Yenmez (2006) to markets with couples. They consider many-to-one
matching markets where doctors are single but have strict preferences
over pairs of the hospitals they attend and their colleagues. They first
characterize the set of stable matchings as the fixed points of a decreas-
ing function. Based on such properties, they propose an algorithm to
find all the stable matchings that is very fast in many instances.

An alternative model of matching markets with couples (Dutta and
Masso, 1997) is studied by Echenique and Yenmez (2006). While close
in spirit, the standard model of couples we analyze is logically unre-
lated to theirs. In a number of real markets such as NRMP, couples
seem to have preferences similar to the one we consider; for example,
NRMP allows couples to express such preferences. The current paper
complements Echenique and Yenmez (2006) by providing an algorithm
that is applicable to a number of labor markets.

While our proof is analogous to Echenique and Yenmez (2006), ob-
taining an algorithm in matching markets with couples is important
at least for two reasons.3 First, couples are present in several labor
markets such as NRMP, and no nontrivial algorithm has been known
to always find even one stable matching in the presence of couples
even when one exists. Indeed, Roth and Peranson (1999) and Klaus,
Klijn, and Masso (2007) note that the algorithm used in NRMP may
fail to find a stable matching even if one exists.4 The alternative algo-
rithm proposed here may improve upon the existing ones, guaranteeing
finding a stable matching whenever one exists.

Second, the new algorithm may be useful for selection over (possi-
bly multiple) stable matchings. Roth and Peranson (1999) note that
a crisis of confidence resulted in a change of the matching mechanism
in the 1990s, as some medical students suspected, among other things,

2Klaus and Klijn (2005) consider conditions under which stable matchings exist
in the presence of couples. Other papers studying matching markets with couples
include Klaus, Klijn, and Nakamura (2006), Klaus and Klijn (2007) and Klaus,
Klijn, and Masso (2007).

3Regarding the proof technique, new arguments are developed to cope with spe-
cial nature of couples, especially in Lemma 1.

4Note that, however, no instance of failing to find a stable matching has been
reported in NRMP (Roth and Peranson, 1999).
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that the matching mechanism favored hospitals in expense of doctors.
To investigate the issue, Roth and Peranson (1999) conduct a simula-
tion over several matching algorithms and find little differences in the
resulting stable matching when different algorithms are applied. How-
ever, the stable matchings found by their method may not exhaust the
entire set of stable matchings.5 Indeed, there may be a different stable
matching in which welfare of participants is quite different from the
ones found in the simulation. Since the new algorithm can find all
the stable matchings, it can help the matching authority to select the
outcome that is agreed to be the most preferred, among all the stable
matchings.

2. Model and Result

A matching problem is a tuple (H, D, (Ri)i∈H∪D). H and D are the
sets of hospitals and doctors, respectively. D is partitioned into S and
C, where S is the set of single doctors and C is the set of couples.
Each couple is denoted by c = (mc, fc), where mc and fc denote male
and female members of c, respectively. Let M = {mc|c ∈ C} and
F = {fc|c ∈ C} be the sets of males and females that form couples.
We write N = D ∪ H . Denoting being unmatched by ∅, we define
S̃ = S ∪ {∅}, H̃ = H ∪ {∅} and D̃ = S ∪ M ∪ F ∪ {∅}. Each s ∈ S

has a preference relation over H̃, each c ∈ C over H̃2 and each h ∈ H
over D̃.6 Preference relation Ri of agent i ∈ N is assumed to be strict.
We denote the strict part of Ri by Pi. As a notational convention, we
assume that xR∅y for any x, y.

A prematching is a mapping ν defined on the set N , satisfying

νs ∈ H̃ for any s ∈ S,

νc ∈ H̃2 for any c ∈ C,

νh ∈ D̃ for any h ∈ H.

We denote the set of all prematchings by Φ.

Definition 1. A prematching ν is a matching if (1) if νs = h ∈ H ,
then νh = s, (2) if νc = (h, h′) and h ∈ H , then νh = mc, and if νc =
(h, h′) and h′ ∈ H , then νh′ = fc, and (3) if νh = s ∈ S then νs = h, if

νh = mc ∈ M then νc = (h, h′) with h′ ∈ H̃, and if νh = fc ∈ F then
νc = (h′, h) with h′ ∈ H̃ .

5In a simple market as assumed in most literature of two-sided matching (with
no couples in particular), their simulations would have found the best and worst
stable matchings for doctors and hospitals, respectively. In such cases, Immorlica
and Mahdian (2005) and Kojima and Pathak (2006) give theoretical accounts for
the observation of Roth and Peranson (1999) that most doctors are matched to the
same hospitals in all the stable matchings when a large number of agents participate
in the market. However, their methods do not bound stable matchings in a market
with couples, which is the case in NRMP.

6We assume that each hospital hires at most one doctor for simplicity.
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A matching μ is individually rational if μsRs∅ for every s ∈ S; for
every c ∈ C, letting μc = (h, h′) ∈ H̃2 we have μcRc(∅, h′), μcRc(h, ∅)
and μcRc(∅, ∅); and μhRh∅ for any h ∈ H . A pair (s, h) ∈ S × H is a

block of μ if hPsμs and sPhμh. A tuple (c, h, h′) ∈ C × H̃2 is a block
of μ if (h, h′)Pcμc, mcRhμh and fcRh′μh′. A matching is stable if it is
individually rational and it is not blocked.

For any prematching ν, define available sets of partners as

As(ν) = {h ∈ H̃|sRhνh},
Ac(ν) = {(h, h′) ∈ H̃2|mcRhνh, fcRh′νh′},
Ah(ν) = {s ∈ S̃|hRsνs}

∪ {mc ∈ M |∃h′ ∈ H̃, (h, h′)Rcνc, fcRh′νh′}
∪ {fc ∈ F |∃h′ ∈ H̃, (h′, h)Rcνc, mcRh′νh′}.

We define a function T : Φ → Φ by Ti(ν) = maxRi
Ai(ν) for any

i ∈ N .7

Functions similar to T have been used to study matching problems
by Adachi (2000), Echenique and Oviedo (2004, 2006), Fleiner (2003),
Hatfield and Milgrom (2005) and Ostrovsky (2005).

We present a part of our main result as the following Lemma.

Lemma 1. ν is a matching if ν is a fixed point of T .

Proof. Since ν is a prematching, we show that conditions (1), (2) and
(3) of Definition 1 hold if ν = Tν.

(1) Suppose νs = h ∈ H . Then s ∈ Ah(ν) by definition of Ah(ν).
Therefore νh = Th(ν)Rhs. On the other hand, Ts(ν) = νs = h implies
h ∈ As(ν) and hence sRhνh. Since Rh is a strict preference, we obtain
νh = s.

(2) Suppose νc = (h, h′) and h ∈ H . Then

(h, h′) = νc = Tc(ν) = max
Rc

Ac(ν)

implies mcRhνh and fcRh′νh′. The latter condition and νc = (h, h′)
imply mc ∈ Ah(ν) by definition of Ah(ν). Therefore νh = Th(ν)Rhmc.
Since Rh is a strict preference, we obtain νh = mc. If νc = (h, h′) and
h′ ∈ H , we obtain νh′ = fc by a similar argument.

(3) Suppose νh = s ∈ S. Then we obtain νs = h by an argument
similar to (1). Suppose νh = mc ∈ M . Let νc = Tc(ν) = (h′′, h′). Then
(h, h′) ∈ Ac(ν) since Tc(ν) ∈ Ac(ν) by definition of Tc(·). Therefore the
set ({h} × H̃) ∩Ac(ν) is nonempty. Let h′′′ ∈ H̃ be the hospital (or ∅)
such that (h, h′′′) ∈ Ac(ν) and (h, h′′′)Rc(h, h̃) for any (h, h̃) ∈ Ac(ν);
such h′′′ exists and is unique since the set ({h}×H̃)∩Ac(ν) is nonempty

7For any finite set X and a strict preference relation Ri, maxRi X denotes an
element x of X such that xRiy for any y ∈ X .



FINDING STABLE MATCHINGS WITH COUPLES 5

and Rc is a strict preference. By definition of T , we have

νc = Tc(ν)Rc(h, h′′′).(1)

On the other hand, Th(ν) = νh = mc implies that mc ∈ Ah(ν). There-

fore by definition of Ah(ν) there exists ĥ ∈ H̃ such that

(h, ĥ)Rcνc(2)

and fcRĥνĥ. Since νh = mc by assumption and fcRĥνĥ as noted above,
definition of Ac(ν) implies

(h, ĥ) ∈ Ac(ν).(3)

Definition of h′′′ and relations (2) and (3) imply (h, h′′′)Rc(h, ĥ)Rcνc.
Since Rh is a strict preference, this relation and relation (1) imply
νc = (h, h′′′), the desired relation. If νh = fc ∈ F , we obtain νc = (h′, h)
with h′ ∈ H̃ by a similar argument.

The following is the main result, corresponding to Theorem 3.1 of
Echenique and Yenmez (2006).

Theorem 1. ν is a fixed point of T if and only if it is a stable match-
ing.

Proof. “Only if” part. First, we show that any fixed point ν of T is a
stable matching. Note first that ν is a matching by Lemma 1. Clearly
ν is individually rational since it is a fixed point of T . Suppose that
mcRhνh and fcRh′νh′ . This implies that (h, h′) ∈ Ac(ν). Therefore
νc = Tc(ν)Rc(h, h′), showing that (c, h, h′) does not block ν. By a
similar argument no (s, h) ∈ S ×H blocks ν, showing that ν is stable.

“If” part. Next, we show that if ν is stable, then Tν = ν. First,
consider s ∈ S. Since ν is a matching, νs = h ∈ H implies νh = s,
so νs ∈ As(ν) (if νs = ∅, then νs ∈ As(ν) holds trivially). Since ν is
individually rational, νsRs∅. For any h ∈ As(ν)∩H , we have sRhνh by
definition of As(ν) and stability implies νsRsh. Therefore Ts(ν) = νs.
Similar arguments establish that Tc(ν) = νc and Th(ν) = νh for every
c ∈ C and h ∈ H , completing the proof.

Let us introduce a partial order on Φ. We write ν � ν ′ if and only
if νiRiν

′
i for every i ∈ N . We say that a function F : Φ → Φ is

monotone decreasing with respect to � if F (ν) 	 F (ν ′) whenever
ν � ν ′. The following Proposition is a counterpart of Lemma 4.3 of
Echenique and Yenmez (2006).

Proposition 1. T is monotone decreasing with respect to �.

Proof. Suppose ν � ν ′. Since νjRjν
′
j for every j ∈ N , we have Ai(ν) ⊆

Ai(ν
′) for any i ∈ N . Therefore Ti(ν

′) = maxRi
Ai(ν

′)Ri maxRi
Ai(ν) =

Ti(ν) for every i ∈ N , completing the proof.
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Echenique and Yenmez (2006) develop an algorithm to find all the
stable matchings in a given many-to-one matching market in which
doctors have preferences over their colleagues as well as hospitals they
attend. Their method, adapting the algorithm of Echenique (2003),
relies on the fact that the set of stable matchings is equivalent to fixed
points of a monotone decreasing function similar to T in this paper.
Utilizing Theorem 1 and Proposition 1, one can construct an algorithm
similar to theirs to find all the stable matchings in a given market
with couples. The description of the algorithm and the proof that it
finds all the stable matchings are omitted, as they are straightforward
modifications of Echenique and Yenmez (2006).
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