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Abstract

In two-sided matching markets, stable mechanisms are vulnerable to various kinds of manipu-
lations. This paper investigates conditions for the student-optimal stable mechanism (SOSM) and
the college-optimal stable mechanism (COSM) to be immune to manipulations via capacities and
pre-arranged matches. For SOSM, we find that strongly monotone preferences in populations and
weakly maximin preferences are the maximal domains of college preferences that guarantee im-
munity to manipulations via capacities and pre-arranged matches, respectively. In contrast, COSM
is susceptible to both manipulations whenever colleges have multiple positions.
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1. Introduction

The theory of two-sided matching considers matching between two types of
agents, for example colleges and students. The theory has interested re-
searchers for its theoretical appeal and relevance in real-life applications. A
matching is stable if there is no individual agent who is matched to unaccept-
able partner, and there is no pair of agents who prefer each other to their
current partners. A mechanism is stable if it produces stable matchings with
respect to reported preferences of participants. Empirical studies have shown
that stable mechanisms often succeed whereas unstable ones often fail in the
real world applications.!

Although stable mechanisms have a number of desirable properties, they
are vulnerable to various types of manipulations by participants. Dubins and
Freedman (1981) and Roth (1982) show that any stable mechanism is ma-
nipulable via preference lists: reporting a preference list different from the
true preference list may make a participant better off than reporting a true
preference list. Sénmez (1997b) and Sénmez (1999) show that other types of
manipulations are possible when colleges can admit more than one student.
First, any stable mechanism is manipulable via capacities: colleges may some-
times benefit by underreporting their quotas. Second, any stable mechanism
is manipulable via pre-arranged matches: a college and a student may benefit
by agreeing to match with each other outside of the formal matching process,
before receiving their allocations from the centralized matching mechanism.
Manipulation of matching mechanisms seems not only theoretical possibility
but a real concern in the field. For instance, Abdulkadiroglu, Pathak, and
Roth (2005) report that underreporting of capacities and matching outside
the formal process was one of the major concerns in the school choice program
in NYC before it was redesigned recently.

This paper focuses on manipulations via capacities and via pre-arranged
matches and investigates when we can expect that stable mechanisms are
immune to these manipulations. More specifically, we consider the student-
optimal stable mechanism (SOSM) and the college-optimal stable mechanism
(COSM), which are by far the most popular stable mechanisms, and present
conditions on college preferences under which these manipulations are impos-
sible.

Our first focus is on manipulation via capacities. A preference relation of
a college is strongly monotone in population if it prefers a larger number of
acceptable students than a smaller number of students irrespective of desirabil-
ity of each student. If a college preference is strongly monotone in population,

1See Roth (2002) for evidence.
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then that college can not manipulate SOSM via capacities (Konishi and Unver
2006). We find that strong monotonicity is the weakest condition, or a mazi-
mal domain, for such a conclusion. More specifically, we show that if a college
preference is not strongly monotone in population, then there exist prefer-
ences and capacities of other colleges and students under which that college
can manipulate SOSM via capacities. A much more negative result holds for
COSM: if a college has more than one position, then there exists preferences
of other colleges and students under which that college can manipulate COSM
via capacities.

Then we investigate manipulations via pre-arranged matches. A preference
relation of a college is weakly maximin if it prefers a group of students to
another if both fill its quota and the least preferred student of the former is
more desirable than the least preferred student of the latter. We show that, if
a college preference is weakly maximin, then that college can not manipulate
SOSM via pre-arranged matches.? Moreover, we find that if a college preference
is not weakly maximin, then there exists preferences and capacities of other
colleges and students under which that college can manipulate SOSM via pre-
arranged matches. The result for COSM is again more negative: if a college
has more than one position, then there exists preferences and capacities of
other colleges and students under which that college can manipulate COSM
via pre-arranged matches.

The conditions that prevent the possibility of manipulation are quite restric-
tive. Hence this paper suggests that the impossibility of incentive compatible
stable mechanisms are not merely a theoretical possibility but potentially a
real concern. This point is further discussed in the last section.

SOSM is guaranteed to be immune to these manipulations only when prefer-
ences are strongly monotone in population and weakly maximin, each of which
is a strong condition. Even so, these are not trivial classes of preferences. By
contrast, neither strong monotonicity in population nor weak maximin prop-
erty guarantees non-manipulability under COSM. Indeed, whenever a college
has more than one position, each of these manipulations is possible depending
on preferences of other market participants. These observations may give some
support to using SOSM rather than COSM for real-life applications. Interest-
ingly National Resident Matching Program (NRMP), which is an organization
providing matching of medical residents and hospitals in the U.S., changed its

2To our knowledge, the weak maximin property is a new condition, while it is related to
maximin properties proposed by Sotomayor (2004) and Baiou and Balinski (2000). As op-
posed to the case of manipulations via capacities, no condition has previously been proposed
that guarantees non-manipulability via pre-arranged matches.

http://www.bepress.com/bejte/vol 7/issl/art32 2



Kojima: Manipulationsin Two-Sided Matching Markets

matching mechanism from a variant of COSM to a variant of SOSM in the
late 1990’s. Also, the current school assignment mechanism in NYC builds on
SOSM.

Manipulations via capacities and via pre-arranged matches are introduced
by Sénmez (1997b) and Sénmez (1999), who show impossibility theorems men-
tioned above for these manipulations. Konishi and Unver (2006) and Kojima
(2006b) further analyze equilibria of games under SOSM and COSM in which
strategies of colleges are announcement of their quotas. Konishi and Unver
(2006) is closely related to the present paper as they introduce strong mono-
tonicity in population and show that it implies non-manipulability via capac-
ities under SOSM.

Our paper is also closely related to Kesten (2006), who also investigates
conditions under which SOSM is immune to manipulations via capacities and
pre-arranged matches. Although the paper and ours are similar in spirit, there
are several differences. First, Kesten (2006) assumes that colleges have private
information about their preference lists, which may not agree with the (publicly
known) priority structure with which SOSM is carried out. By contrast, the
current paper follows the previous literature and considers situations where
preference lists are publicly known and stable mechanisms are based on them.
Second, Kesten (2006) derives a condition on the entire priority structure of
all the colleges such that no college can manipulate. In contrast, this paper
obtain conditions in terms of preferences of an individual college under which
that particular college cannot manipulate. Our results and his are logically
unrelated.

More generally, manipulations in two-sided matching markets have been
studied from several directions, following seminal papers by Dubins and Freed-
man (1981) and Roth (1982) mentioned above. Roth (1984), Gale and So-
tomayor (1985), Ma (1995), Shin and Suh (1996), Alcalde (1996) and Sénmez
(1997a), among others, analyze equilibrium outcomes in games under SOSM.
Motivated by applications in such real-life markets as NRMP, Roth and Per-
anson (1999), Immorlica and Mahdian (2005) and Kojima and Pathak (2006)
investigate two-sided markets with a large number of participants. These pa-
pers show that scopes of these manipulations become small as the number
of market participants increases. Equilibria of games induced by some un-
stable mechanisms also attract attention because of their widespread use in
the field. Ergin and Sénmez (2006) characterize the set of Nash equilibrium
outcomes under a popular unstable mechanism called the Boston mechanism,
which Kojima (2006a) also analyzes.

Published by The Berkeley Electronic Press, 2007 3
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The paper proceeds as follows. Section 2 presents the model. Section 3
investigates manipulations via capacities. Section 4 investigates manipulations
via pre-arranged matches. Section 5 concludes. Proofs are in the Appendix.

2. Model

A market is tuple I' = (S,C,>,q). S and C are finite and disjoint sets of
students and colleges. We denote N = SUC. == (>;);en. For each student
s € S, =5 is a strict preference relation over C' and being unmatched (being
unmatched is denoted by ). For each college ¢ € C, =, is a strict preference
relation over the set of subsets of students. If j >=; (), then j is said to be
acceptable to i. The non-strict counterparts of >; is denoted by >=; . ¢ =
(ge)eec is a profile of non-negative integers, called quotas.

For each college ¢ € C, its preference relation >, is responsive if (i) for any
s,8 =, 0,and any S’ =, () with s, s' ¢ S’, we have sUS" =, s§US" & s =, &, (ii)
for any s € S and any S . () with s ¢ S’, we have sUS" =. S’ & s =. 0 (Roth
1985).3 That is, the ranking of a student is independent of her colleagues. We
assume that college preferences are responsive throughout the paper.

A matching p is a correspondence from C'U S to C'U S such that (i) for
every s € S, |u(s)| < 1, and pu(s) = 0 if u(s) ¢ C, (ii) p(c) € S and |u(c)] < q.
for every ¢ € C, and (iii) u(s) = ¢ if and only if s € u(c). For any matchings
w and g/ and for any i € N, we write p >; ¢’ if and only if p(i) »; p/ (7).

Given a matching p, we say that it is blocked by (s,c¢) if ¢ =, pu(s) and
either (i) s >, s’ for some s’ € p(c) or (ii) |u(c)| < ¢ and s =, 0. A matching
p is individually rational if for every i € N and any j € u(i), j =; 0.
A matching p is stable if it is individually rational and is not blocked. A
mechanism is a systematic way of assigning students to colleges. A stable
mechanism is a mechanism that yields a stable matching for any market. We
denote a generic mechanism by ¢ We write the matching that is realized in
(S,C, =, q) when ¢ is run by ¢(S,C, >, q).

We consider the following student-optimal stable mechanism (SOSM),
denoted by ¢, which is analyzed by Gale and Shapley (1962).%

e Step 1: Each student applies to her first choice college. Each college
rejects the lowest-ranking students in excess of its capacity and all un-
acceptable students among those who applied to it, keeping the rest
of students temporarily (so students not rejected at this step may be
rejected in later steps.)

3We sometimes abuse notation and denote a singleton set {x} simply by x.
4S0OSM is known to produce a stable matching that is unanimously most preferred by
every student among all stable matchings (Gale and Shapley (1962)).

http://www.bepress.com/bejte/vol 7/issl/art32 4
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In general,

e Step t: Each student who was rejected in Step (t-1) applies to her next
highest choice. Each college considers these students and students who
are temporarily held from the previous step together, and rejects the
lowest-ranking students in excess of its capacity and all unacceptable
students, keeping the rest of students temporarily (so students not re-
jected at this step may be rejected in later steps.)

The algorithm terminates either when every student is matched to a college
or every unmatched student has been rejected by every acceptable college. The
algorithm always terminates in a finite number of steps. Gale and Shapley
(1962) show that the resulting matching is stable.

We also consider the following college-optimal stable mechanism (COSM),
denoted by ¢©.

e Step 1: For each ¢ € (', ¢ makes offers to its g. most preferred acceptable
students as long as there are such students. FEach student keeps an
acceptable college she prefers most if such a college exists, and rejects
every other college (so colleges not rejected at this step may be rejected
in later steps.)

In general,

e Step t: For each ¢ € C', ¢ makes offers to its ¢. most preferred acceptable
students who has not yet rejected c¢ as long as there are such students.
Each student keeps an acceptable college she prefers most, and rejects
every other college (so colleges not rejected at this step may be rejected
in later steps.)

The algorithm terminates either when every college has filled their positions
with students or every college with vacant positions has made an offer to every
student acceptable to it. The algorithm always terminates in a finite number
of steps. Similarly to SOSM, COSM produces a stable matching.

3. Manipulation via capacities

We say that ¢ € C' can manipulate ¢ via capacities in (5, C, >, q) if there
exists ¢, € {0,1,...,¢g. — 1} such that

¢(S7 O? >7 Q(,j7 q_C) >C ¢(S7 C’ >’ q)‘
A mechanism ¢ is manipulable via capacities if there exists a market

(S,C, >, q) and some ¢ € C such that ¢ can manipulate ¢ via capacities in
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(S,C, =, q). Sonmez (1997b) shows that any stable mechanism is manipulable
via capacities.’

Given the above impossibility result, a natural direction is to give a restric-
tion on preferences under which a college ¢ cannot manipulate via capacities.
It is clear that ¢ cannot manipulate via capacities if |C| = 1. Thus, assume
|C| > 2. Also, we assume that there are at least . students that are acceptable
to c.

Our first focus is on SOSM. Consider the following class of preferences due
to Konishi and Unver (2006).

Definition 1 (Konishi and Unver (2006)). Preference >, is strongly mono-
tone in population if, if g. > |S’| > |5”| and every s € S’ is acceptable, then
S . 5"

A college with strongly monotone preference in population prefers a larger
number of acceptable students to a smaller number of students, irrespective of
preferability of each student. A college may have such preference when filling
positions is much more important than student quality.

Result 1 (Theorem 5 of Konishi and Unver (2006)) . Assume every college has
responsive preferences. If . is strongly monotone in population, then ¢ cannot
manipulate ¢° via capacities.

For the original proof, see Konishi and Unver (2006). We give an alternative
proof in the Appendix, where proofs of all the propositions are relegated.

Strong monotonicity in population is a demanding condition. A natural
question is whether there are weaker conditions than strong monotonicity in
population such that we can obtain a similar conclusion. The answer turns out
to be negative. More specifically, we prove that the class of strongly monotone
preferences in population is a mazimal domain, that is, if >, violates strong
monotonicity in population, then there exist preferences and capacities of other
colleges and students that allow for ¢ to profitably manipulate. In this partic-
ular sense, strong monotonicity in population is “necessary” for guaranteeing
that SOSM is immune to manipulations via capacities.

Proposition 1. Assume every college has responsive preferences. Fix S, C,
c € C, =. and q.. If =, is not strongly monotone in population, then there
exist preferences and capacities of other colleges and students (>=_.,q_.) such
that ¢ can manipulate ¢° via capacities. Preferences of colleges other than c
can be taken as strongly monotone in population.

5We consider only underreporting of capacities, as it is easily seen that colleges never
benefit by overreporting quotas.

http://www.bepress.com/bejte/vol 7/issl/art32 6
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Next we consider COSM. Konishi and Unver (2006) present an example in
which a college can manipulate COSM via capacities even though its prefer-
ence is strongly monotone in population. Indeed, the next proposition shows
that COSM is potentially manipulable whenever colleges have more than one
position.

Proposition 2. Assume every college has responsive preferences.

(1) If g. = 1, then ¢ cannot manipulate ¢ via capacities.

(2) Fiz S,C, ¢ € C, ». and q.. If q. > 1, then there exist preferences
and capacities of other colleges and students (>=_.,q_.) such that ¢ can
manipulate ¢ via capacities. Capacities of colleges other than c can be
set to one.

4. Manipulation via pre-arranged matches

When colleges have more than one position to fill, there is concern for ma-
nipulation not only within but also outside the formal matching mechanism.
Sénmez (1999) introduces the idea of manipulation via pre-arranged matches.
Suppose that ¢ and s arrange a match before the centralized matching proce-
dure is executed. Then s does not participate in the formal mechanism and ¢
participates with the number of positions reduced by one.

Motivated by the above scenario, we say that ¢ € C' can manipulate ¢ via
pre-arranged matches in (S, C, -, q) if there exists s € S such that

d(S\s,C_5,q.— 1,q-c)(c) Us =, ¢(S,C, =, q)(c),and
c=s 0(5,C,~,q)(s),

where at least one of the above relations holds strictly.® A mechanism ¢ is
manipulable via pre-arranged matches if there exists a market (.S, C, >, q)
and some ¢ € (' such that ¢ can manipulate ¢ via pre-arranged matches in
(S,C,>,q). In words, a college can manipulate via pre-arranged matches if
it can find a student such that both parties have incentives to do so: both
of them are made weakly better off and at least one of them is made strictly
better off with pre-arranging matches than without doing so. Sénmez (1999)
shows that any stable mechanism is manipulable via pre-arranged matches.”
Matching outside the centralized mechanism is prohibited in some markets.
Even so, the student and college can effectively “pre-arrange” a match by

6College preferences over individual students in the market without s is the restriction of
. on 255 We however abuse notation and continue to use >..

7 Although manipulations via capacities and via pre-arranged matches look similar, they
are logically unrelated. That is, a college can manipulate a stable mechanism via capacities
but not via pre-arranged matches in some markets, and vice versa.
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listing each other on the top of their preference lists under stable mechanisms.
Thus manipulation via pre-arranged matches may be an important concern
even in such markets.
Given that no stable mechanism is non-manipulable via pre-arranged matches,
a natural question is, as for manipulations via capacities, what conditions
guarantee non-manipulability. Specifically this section investigates conditions
under which a college cannot manipulate SOSM or COSM via pre-arranged
matches. It is clear that ¢ cannot manipulate via pre-arranged matches if
|C| = 1 or, equivalently, C' = {c}. Thus, assume |C| > 2. Also, we assume
that there are at least ¢. + 1 students that are acceptable to c.

As in the last section, we begin our analysis by focusing on SOSM. Consider
the following class of college preferences.

Definition 2. Preference >. is weakly maximin if the following holds: If
|S’| = 15"| = ¢q., every s € S’ is acceptable, and the least preferred student in
S’ is strictly preferred to the least preferred student in S”, then S’ >, S”.

Colleges with weakly maximin preferences compare the worst students of
two groups of students that fill its quotas, and prefer the group whose worst
student is better. One could think of such preferences as an extreme form of
risk aversion. The condition may be satisfied by a certain factory in which the
productivity of its assembly line crucially depends on the performance of the
worst worker. Note that the condition does not impose any restriction when
not all the positions are filled by students.

Sotomayor (2004) and Balou and Balinski (2000) propose conditions related
to our maximin preferences. In Sotomayor (2004)’s definition (see also Sec-
tion 6.3 of Echenique and Oviedo (2006) who discuss the related concept of
strong substitutability in a model without the responsiveness assumption), .
is maximin if, for any S’, S” such that S” =, S’ and every s € S’ is accept-
able, we have that (i) every s € S” is acceptable to ¢, and (ii) if |[S’| = ¢, then
the least preferred student in S”\ S’ is preferred to the least preferred student
in "\ S”. In an alternative definition by Baiou and Balinski (2000), >. is
maximin if, for any S" and S”, S’ =, 5" if |S’| > |S”| and the least preferred
student in S’ is strictly preferred to the least preferred student in S”. It is
easy to see that either of them is stronger than our weak maximin condition
(hence our terminology “weak” maximin property).

Weakly maximin preferences turn out to play an important role under SOSM,
as the next proposition asserts. In the propositions below, we maintain the
assumption that there are at least another college in addition to ¢ and at least
g + 1 students that are acceptable to c.

http://www.bepress.com/bejte/vol 7/issl/art32 8
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Proposition 3. Assume every college has responsive preferences.

(1) If = is weakly mazimin, then ¢ cannot manipulate ¢° via pre-arranged
matches.

(2) Fixz S,C, c € C, =, and q.. If ». is not weakly mazximin, then there
exist preferences and capacities of other colleges and students (> _c, q_.)
such that ¢ can manipulate ¢° via pre-arranged matches. Preferences of
colleges other than c can be taken as weakly maximin.

The outline of part (1) of the proposition is as follows. We show that, in
order to profitably manipulate SOSM via pre-arranged matches, a college has
to pre-arrange a match with a student who is strictly less preferred to those who
would be matched under SOSM without pre-arrangement (the disadvantage
of being matched with a less desirable student should be compensated by
matching to a better set of students in the centralized matching mechanism
after pre-arrangement). When the college has weakly maximin preferences,
the cost of matching with such a student is never offset by matching with a
better set of students for the remaining positions, implying that the student
cannot manipulate SOSM via pre-arranged matches.

For COSM, a very negative result holds as in the case of manipulation via
capacities.

Proposition 4. Assume every college has responsive preferences.

(1) If q. = 1, then it cannot manipulate ¢ via pre-arranged matches.

(2) Fix S,C, ¢ € C, ». and q.. If q. > 1, then there exist preferences
and capacities of other colleges and students (>_.,q_.) such that ¢ can
manipulate ¢¢ via pre-arranged matches. Capacities of colleges other
than c can be set to one.

5. Concluding remarks

This paper investigated conditions under which the student-optimal stable
mechanism (SOSM) and the college-optimal stable mechanism (COSM) are
immune to manipulations via capacities and pre-arranged matches. For SOSM,
we find that strong monotonicity in population and weak maximin property
are the weakest conditions on college preferences which guarantee that the
college cannot manipulate the mechanism via capacities and via pre-arranged
matches, respectively. By contrast, COSM is susceptible to both manipulations
whenever the college has more than one position.

Our study is part of a research program to find restrictions on (profiles of)
preferences for stable matching mechanisms to have desirable incentive prop-
erties. Alcalde and Barbera (1994) take this approach for manipulation via

Published by The Berkeley Electronic Press, 2007 9
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preferences, and Konishi and Unver (2006), and Kesten (2006) for manipu-
lation via capacities and manipulation via pre-arranged matches. One inter-
pretation of these papers as well as ours is that the conditions that prevent
the possibility of manipulation are often quite restrictive, so the impossibility
results in the literature are not just a theoretical possibility but potentially
a real concern. Large market arguments such as Kojima and Pathak (2006)
may be one way to overcome such negative conclusions.® We also speculate
that an algorithmic approach to matching markets that does not impose re-
strictions on preferences, such as Echenique and Oviedo (2004), Echenique and
Yenmez (2007) and Kojima (2007), may also be useful in strategic issues in
stable mechanisms.

As we have seen, scopes of manipulations seem large even for SOSM, as
strong monotonicity in population and weak maximin property are certainly
strong assumptions. Even so, these assumptions may be reasonable in some
situations. One example would be hospital preferences in the hospital-resident
matching market in Japan, which recently adopted the doctor-optimal stable
mechanism. Under the current system, hospitals receive substantial subsidy
from the government for each intern they hire. Thus hospitals have strong
incentives to hire as many interns as possible, which may make their preferences
strongly monotone in population. Indeed, there is a regulation which restricts
the maximal number of interns hospitals can hire, depending on their sizes.
In this application, we may as well expect that hospitals will not under-report
their capacities. Interestingly, a number of markets such as NRMP and the
public school system in NYC adopted mechanisms based on SOSM in addition
to the Japanese medical matching market. Our results may give some support
to their choices of the mechanisms, as they suggest that manipulations may
be more difficult under SOSM than under COSM.

Although logically independent, manipulations via capacity and pre-arranged
matches seem to be closely related. In a sense, manipulation via capacities
could be seen as pre-arranging matches with a “null student.” Further ex-
ploring connection of this sort is an interesting direction of future research.
One modeling issue there will be how to extend the definition of pre-arranged
matches to allow for pre-arranging with more than one student. This gener-
alization seems to be nontrivial, since students offered such generalized pre-
arrangement options would be in a strategic situation in which benefit of pre-
arrangement depends on decisions of other students.

8See Kojima and Manea (2006) for a similar large market argument on a random assign-
ment mechanism studied by Bogolomania and Moulin (2001).
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Appendix A: Proofs

A.1. Alternative proof of Result 1. Let u = ¢%(S,C,~,q) and i/ =
#%(S,C, =, q.,q_.) where ¢, < q.. Suppose that fewer than or equal to ¢/
students who are acceptable to ¢ have applied to ¢ during the execution of
SOSM in (S, C, >, q). Then ¢ never rejects an acceptable student either under
reported quota g. > ¢. or ¢. and the algorithm proceeds in exactly the same
ways in (S,C,>,q) and (S,C,>,q.,q_.). Therefore u(c) = p/'(c), implying
that ¢ does not benefit strictly by reporting ¢ instead of g.. Now suppose that
at least ¢ + 1 acceptable students have applied to ¢ during the execution of
SOSM in (S,C,>,q). This implies that ¢ is matched to at least ¢/ + 1 and
at most ¢. acceptable students at u by definition of the algorithm.® Since
|1/ (c)] < ¢. by definition, this implies that reporting ¢ instead of g. makes ¢
strictly worse off, whose preference is strongly monotone in population.

A.2. Proof of Proposition 1. Suppose that > is not strongly monotone in
population. Then there exist S’ and S” such that g. > |S’| > |S”], no s € S" is
unacceptable to ¢, and S” . S". Then consider T" defined as the |S’| — 1 most
preferred students by ¢ in S” U S”. By construction and |S”| < |S’| — 1, and
noting that every student in S’ is acceptable and . is responsive, we have
that (i) every student in 7' is acceptable to ¢, and (ii) T' »=. S” =, S'. Let S’ =
{81, RN S|Sl|} and T \ S = {51, e §‘T\S/‘}, where 8|8/ ¢ S|8/|-1 7c """ 7 ¢ S1.
Note that 7"\ S” # 0.

Consider the following preferences and capacities of S and C'\ {c}. Fix some
c # ¢ (such ¢ exists by assumption that |C| > 2). Let preferences of colleges
different from ¢ be strongly monotone in population, satisfying

S| et e e 81 = B|\gt| e e 81 e 0= s
forany s ¢ S'UT,q0 = |T\ 5|,
() = s for any ¢’ # ¢, and any s € S.
Student preferences are given by
csC =g 0=y forany s € " and ¢’ # ¢, ¢,
d=sc=s =5 forany s € T\ S and ¢ # ¢, 7,
=, " for any s ¢ S’UT and any ¢’ € C.

First suppose that c reports its quota truthfully. Then ¢° proceeds as fol-
lows: at the first step, every student in S” applies to ¢, every student in 7"\ S’

9Note that SOSM proceeds in an identical manner both in (S,C, =, q) and (S,C,~
, %y q—c) until the (¢, + 1)st student applies to c.

Published by The Berkeley Electronic Press, 2007 11



The B.E. Journal of Theoretical Economics, Vol. 7 [2007], Iss. 1 (Contributions), Art. 32

applies to ¢/, and no other student applies to any college. No student is re-
jected, terminating the algorithm. Therefore, at the realized matching u, we
have that u(c) = 5" and pu(c) =T\ 5"

Next let ¢ report capacity ¢, = |T'| = |S’| — 1. Then ¢° proceeds as follows:
at the first step, every student in S’ applies to ¢, every student in 7"\ S” applies
to ¢/, and no other student applies to any college. ¢ rejects the least preferred
student s; € S’ since there are one more applicants than its reported capacity
q. = |5’ — 1. s; applies to ¢ in the second step. Then ¢ accepts s; and
rejects §; € T\ S” according to its capacity and preferences. At the third step,
51 applies to ¢ since c¢ is her second choice college. ¢ accepts s; and rejects
sy € S'\T , according to its reported capacity and preferences. The algorithm
repeats itself in an analogous way, until every student in 7" is matched to c.
Therefore we have p/(¢) = T at the realized matching 1/, completing the proof.

A.3. Proof of Proposition 2. Part (1). If ¢. = 1, then 0 < ¢/ < ¢, implies
¢. = 0. Reporting a capacity ¢. = 0 does not make c strictly better off, since ¢
is not matched to any student when reporting ¢, = 0, and ¢ is either matched
to one acceptable student or not matched to any student when reporting ¢. by
the definition of COSM.

Part (2). Fix ¢ # c and s,s" € S such that s =, s’ =, 0 (there exist such
agents by assumption). Let preferences of colleges different from ¢ satisfy

8 =y 8o 0 =u 8" for any s” # 5,5, g0 = 1,
() o 8" for any ¢’ # ¢, and any s” € S.
Let student preferences be given by
d=sc=s 0=, for any ¢’ # ¢, ¢,
g =g 0=y forany ¢’ #c,c,
() =g " for any s” # s,s" and any ¢’ € C.

Suppose that ¢ reports its true quota ¢. > 2. Then COSM proceeds as
follows. First note that college c is rejected by every student that ¢ strictly
prefers to s, if any, since every such student finds ¢ unacceptable by assumption.
Thus consider the step just after ¢ is rejected by every such student. At that
step ¢ makes offers to s and s’, ¢ makes an offer to s, and no other college
makes any offer. Since ¢ =, ¢ =4 0, s’ rejects ¢ and accepts ¢. Then at the
second step, ¢ makes an offer to its second choice s, who accepts the offer from
¢ while rejecting ¢. The algorithm terminates and the resulting matching p
gives p(c) = ¢ and p(d) = s.

Now suppose that ¢ reports ¢. = 1 < ¢, instead. Then COSM proceeds
as follows. At the first step, ¢ makes an offer to s, ¢ makes an offer to s,
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and no other college makes any offer. s accepts ¢ since ¢ =, ) and s’ accepts
c since ¢ =y (), which terminates the algorithm. The resulting matching
w' gives p'(c) = s and p/(¢) = §'. ¢ benefits by reporting ¢, < g. since
w(c) =s>.s" = p(c), completing the proof.

A. 4. Proof of Proposition 3. Part (1). Let u = ¢°(S,C, =, q) be the
matching under SOSM when no college engages in pre-arranged matches. Ob-
viously ¢ cannot manipulate ¢ via pre-arranged matches when |u(c)| < ge.
Suppose that |u(c)| = g.. For any stable mechanism ¢, if ¢ can manipulate ¢
via pre-arranged matches with student s, then either s € u(c) or ' >, s for
every s’ € p(c) (Theorem 2 of Sénmez (1999)). In the latter case ¢ cannot
manipulate: Since >. is weakly maximin, matching with a student s such that
s . s for every s’ € u(c) cannot be desirable for ¢. Thus suppose that ¢ can
manipulate ¢° with some s € u(c). Consider matching y’ given by

H/(C/) _ {N(C) \ s ifd=c

w(c) otherwise.

w1 is stable in (S'\ s,C, = _4,q. — 1,q_.) by stability of p in (S,C, >, q).

Since the matching under SOSM is weakly less preferred to any stable match-
ing by colleges (attributed to Conway in Knuth (1996)) and preferences are
responsive,

p(e) = i@ (c)Us =0 ¢°(S\ 5,C, s, qc — 1,q_.)(c) Us.

Therefore ¢ cannot manipulate. This is a contradiction, completing the proof.
Part (2). Suppose that >, is not weakly maximin. Then there exist S’ and S”
such that |S’| = |S”| = q., every s € S’ is acceptable to ¢, the least preferred
student in S’ is preferred to the least preferred student in S” and S” . S’
Denote the least preferred student in S” by sq. Consider T° composed of s
and the ¢. — 1 most preferred students in S’ US”. By construction, and noting
that every student in S’ is acceptable to ¢ and >, is responsive, we have that
(i) every student in 7"\ {so} is acceptable to ¢, and (i) T" =, S” =, S". Let
S"={s1,...,8¢.} and T\ S’ = {50, 51,52, ..., 8|1\5/|-1}, Where 55 > 54,1 >
e 81 e So.

Consider the following preferences and capacities of S and C'\ {c}. Fix some
¢’ # ¢ (such ¢ exists by assumption). Let preferences of colleges different from
¢ be weakly maximin, satisfying

Sqe. e o S1 el g\T\S/\fl et 51 e @ > S for any s §é S’ UT\SQ,
@ =T\ S[-1,
() = s for any ¢’ # ¢, and any s € S.
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Student preferences are given by
crsc =0, " forany s € S’ and ¢ # ¢, ¢,
dscrs0 5" forany s € (T'\S')\ so and " # ¢,
¢ g0 04, ¢ for any ¢ # ¢,
) =4 " for any s ¢ S"UT and any ¢’ € C.

Suppose that ¢ does not engage in pre-arranged matches. Then ¢° proceeds
as follows: at the first step, all the students in S’ and sy apply to ¢, every
student in (7"\ S) \ {so} applies to ¢/, and no other student applies to any
college. ¢ accepts every student in S’ and rejects sg and ¢ accepts all the
students according to their preferences and quotas. The algorithm terminates
since sq is the only student who is rejected in this step, and she has applied to
every college that is acceptable to her. Therefore, at the realized matching p,
we have that u(c) = 5" and u(c) = (T'\ ') \ {so}. so is unmatched.

Now let ¢ and sy pre-arrange matches, and we will verify that ¢ and sg are
made strictly better off. With the pre-arranged matches, ¢ has capacity ¢. — 1
for the centralized matching procedure. Then ¢° proceeds as follows: at the
first step, every student in S’ applies to ¢, every student in (7°\ S’) \ {so}
applies to ¢/, and no other student applies to any college. ¢ rejects the least
preferred student s; € S’. s; applies to ¢’ at the second step. Then ¢ accepts
s; and rejects §; € (T'\ S") \ {so}. 1 applies to c. ¢ accepts 5, and rejects
s, and so on. The algorithm repeats itself until every student in 7"\ {so}
is accepted by c¢. Therefore ¢ is matched to sg via pre-arranged matches and
to T'\ {so} in the centralized procedure. This implies that ¢ is matched to
T ».S" = pu(c) as a whole, completing the proof.

A. 5. Proof of Proposition 4. Part (1). Suppose that ¢. = 1 and ¢
manipulates ¢ via pre-arranged matches with s € S. Then we have s =, u(c)
and ¢ =4 p(s), with at least one of them holding strictly. Since g. = 1, this
implies that s >. p(c) and ¢ = p(s), implying that g is not stable. This is a
contradiction, implying that ¢ cannot manipulate ¢¢ if ¢. = 1.

Part (2). Suppose ¢. > 1. Fix ¢/ # c and sy, S9, ..., S4., Sqe+1 be such that

S1 7¢cS2 >7¢c " ™ ¢ Sq. > Sqe+1 c @

(such agents exist by assumption.) Let preferences of colleges different from ¢
be given by

Sqe e S1 = 0 o s for any s # s1,8,.,q0 = 1,
() = s for any ¢’ # ¢, and any s € S.
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Let student preferences be given by
g € 04, " for any ¢ # ¢, ¢,
c=5 =50 =5 " for any s = s9,...,84,4+1 and any ¢’ # ¢,
0> " for any s # s1,...,84.+1 and any ¢’ € C.

Suppose that ¢ does not engage in pre-arranged matches. Then COSM
proceeds as follows. At the first step, ¢ makes offers to si,...,s,,, ¢ makes
an offer to s,., and no other college makes any offer. Since ¢ >, ¢ >, 0,
54, rejects ¢ and accepts c¢. Then at the second step, ¢’ makes an offer to its
second choice s1, who accepts the offer while rejecting c¢. At the third step ¢
makes an offer to s, 41, who accepts the offer. The algorithm terminates, and
the resulting matching u gives p(c) = {sa, ..., Sq+1} and u(c’) = s1.

Now suppose that ¢ pre-arranges a match with s, 1. Then COSM proceeds
as follows. At the first step, ¢ makes an offer to s1,...,s,_1, ¢ makes an offer
to s4., and no other college makes any offer. Every student accepts her offer,
terminating the algorithm. The resulting matching p/, including the student
matched through pre-arranged matches, gives p'(¢) = {s1,. .., Sgo—1, Sg.+1 } and
W () = s4. Therefore p'(c) >. p(c). Moreover s, 11 has a weak incentive to
engage in pre-arranged matches, since s, 41 is matched to ¢ in either case.
Thus ¢ and s4 41 successfully pre-arrange, completing the proof.
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